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P R Ei F A C E 
High subgroups of abelian groups were introduced by 
Irwin [33]. He defined a subgroup H ,of G to be a high 
subgroup of G if H is maximal with respect to the property 
H n G^ = 0 , where G is the first Ulm subgroup of G. He 
recorded many properties and proved several results on high 
subgroups [33], [34]. The importance of homological tech-
niques in abelian groups have prompted several mathematicians 
such as Fuchs [ll], Megibben [50], Benabdallah [4] and Harrison 
[23] to investigate the homological properties of high subgroups 
The notion of high subgroups was generalized by one of the 
authors [23] and pure-high and neat-high subgroups were intro-
duced and investigated. 
In this thesis, we have introduced (j)-high subgroups, 
a concept parallel to that of high subgroups, that is, H is 
a (t)-high subgroup of G if H is maximal with respect to the 
property Hr\(t)(G) = 0, whero (t)(G) is the Frattini subgroup 
of G. To some extent, properties and results of high sub-
groups can be carried over ;^o (t)-high subgroups, although there 
are some difficulties involved. (})-high subgroups when combined 
with pure, neat and divisible groups give excellent results. 
Furthermore, (fj-high exact sequences, (|)-high essential exten-
sions and (t)-high injectives are defined and investigated. 
(iv) 
4)-high subgroups are generalized and the splitting of 4)-high 
subgroups have been studied, Homological methods are employed 
in proving most of the results. 
The thesis is divided into five chapters. The principal 
purpose of the introductory chapter I, on' preliminaries, is to 
acquaint the reader with the terminology and the basic results 
of abelian group theory, which are often used in the subsequent 
chapters. This chapter is also intended to make the thesis as 
much self-contained as possible. Here we have given some 
definitions and properties, specially of divisible groups, pure, 
neat, high subgroups, pure, neat and high extensions. 
In chapter II, we have defined (J)-high subgroups, recorded 
some elementary properties and investigated (})-high subgroups of 
a p-group. The results are extended to (|)-high subgroups of a 
torsion group. It is found that the results are not true for 
a general group. We discuss how a (|)-high subgroup is related 
to a pure subgroup of a group, when a pure subgroup of a group 
containing the Frattini subgroup of the group will become a 
direct summand of the group. It is found that if a group splits 
then under certain conditions its (()-high subgroups also split. 
The splitting of (t)-high quotient groups has also been discussed. 
Chapter III, deals with (t)-high subgroups and (p-high 
exdCt sequences. A (t)-high subgroup is neat. We have discussed 
conditions under which the converse holds. The divisible hull 
of a primary group is decomposad with the help of the divisible 
(V} 
hull of i t s (t)-high subgroup. (j)-high e s sen t i a l extensions and 
(})-high in j ec t ives are defined and inves t iga ted . A method to 
construct a (j)~high exact sequence for a reduced group has been 
discussed. This c{)-high exact sequence made possible to find 
examples of (t)-high subgroups of a reduced group. 
Chapter IV, concerns with genera l i sa t ion of (()-high 
subgroups. Actual ly, pure and neat subgroups are genera l i sa t ions 
of (J)-high subgroups. We inves t iga te the condit ions such tha t 
the two genera l i sa t ions co inc ide . I t i s proved tha t , if n 
is a square-free natural number and A a subgroup of G such 
tha t nA = 0, then A is a neat subgroup of Q if and only if 
A is a d i r e c t summand of G. Furthermore, we have imposed 
condit ions on a neat-high subgroup such tha t i t reduces to a 
pure-high subgroup and a neat-high extension becomes a pure-
high extens ion . 
Chapter V, consis ts of P-neat subgroups and extens ions , 
tha t i s , a fur ther genera l iza t ion of c|)-high subgroups. The 
notion of P-neat subgroups was f i r s t introduced by Yahya [ 6 9 ] . 
We have invest igated P-Next(C,A), the group of P-neat extensions 
of A by C. I t i s found tha t the group P-Next(C,A) i s cotorsion 
for a l l groups A and C. A group can be embedded as a P-neat 
subgroup in a reduced P-neat infect ive group. Furthermore, 
the group P-Next(C,A) is studied by varying the groups A and 
C. An exact sequence connecting P-Next to Horn, isomorphisms 
for the group P-Next and s p l i t t i n g condit ions for the P-neat 
extensions are found. P-high Jubgroups and extensions are 
iyi) 
defined. It is proved that a P-high subgroup is P-neat. A 
group H is a direct summand of every group in which it is 
P-high if and only if P-Next(Q/Z,H) = 0 . 
CHAPTER-I 
P R E L I M I N A R I E S 
The main purpose of this introductory Chapter is to 
recall some of the definitions, results and other necessary 
bits of information vhich \/ill be used frequently in the 
subsequent Chapters. This is being done only to fix up the 
terminology and notations needed in the sequel and to make 
this work self contained an for as possible. The contents 
of this Chapter are not original and most of the definitions 
and results are from [lO], [ll], [23], [33], [34], [46] and 
[57]. 
1. Some Elementary Concepts 
In this section, some basic concepts definitions, 
elementary properties and results, mainly of Frattini sub-
groups, divisible subgroups and pure subgroups are given. 
1.01 DEFINITION (TORSION GROUP): Groups in which 
every element is of finite order are called torsion groups 
and those in which all elements except the identity are of 
infinite order are called torsion free groups. 
1.02 DEFINITION (PRIMARY GROUPh A group in which 
the orders of the elements are powers of a fixed prime number 
p is called a primary or p-group. 
c 
1.03 DEFINITION (MIXED GROUP); A group which c o n t a i n s 
both non-zero e lements of f i n i t e o rder and of i n f i n i t e o rder i s 
c a l l e d a mixed group. 
1.04 DEFINITION (ELEMENTARY GROUP); Groups in which 
every element has a s q u a r e - f r e e order ' a re c a l l e d e lementary 
g roups . 
1.05 PROPOSITION; Every t o r s i o n group i s a d i r e c t sum 
of p-groups for v a r i o u s p ^ P . 
PROOF: See [ l l ] 
1.06 PROPOSITION; If G^ i s the maximal t o r s i o n 
subgroup ( t o r s i o n p a r t ) of G, then G/G. i s t o r s i o n - f r e e . 
PROOF; See [ l l ] 
1.07 PROPOSITION; Every e lementary p-group i s a 
d i r e c t sum of c y c l i c groups of the same order p . 
PROOF: See [ll] 
1.08 PROPOSITION; A group G is elementary if and 
only if every subgroup of G is a direct summand. 
PROOF; See [ll] 
1.09 DEFINITION (FREE GROUP); A group is said to be 
a free group if it is a free group if it is a direct sum of 
infinite cyclic groups. If these cyclic groups are generated 
by elements x. (i^I), then the free group F will be 
© <x,>. 
1.10 PROPOSITION; A subgroup of a free group is free 
and if B is a subgroup of A such that A/B is free, then 
B is a direct summand of A. 
PROOF; See [ll] 
1.11 DEFINITION (FIRST ULM SUBGROUP): The f i r s t Ulm 
ip G^ of G 
nG of G; t h a t i s , 
subg roup   i s t h e i n t e r s e c t i o n of a l l t h e s u b g r o u p s 
G 1 = n nG 
n ^ N 
1 '12 DEFINITION (O^'^ ULM FACTOR); The q u o t i e n t g roup 
G/G-"- i s c a l l e d the 0^*^ Ulm f a c t o r of G and i s d e n o t e d by 
1 .13 DEFINITION (FRATTINI SUBGROUP); The F r a t t i n i 
subgroup (t)(G) of G i s t h e i n t e r s e c t i o n of a l l the maximal 
s u b g r o u p s of G; t h a t i s . 
(t)(G) = n pG. 
P 6 P 
1.14 DEFINITION (FRy\TTINI FACTOR); The q u o t i e n t g roup 
G/(})(G) i s c a l l e d the F r a t t i n i f a c t o r of G and i s d e n o t e d by 
1.15 PROPOSITION; The F r a t t i n i subgroup of a d i r e c t 
sum i s the d i r e c t sum of the F r a t t i n i subgroups and if two 
groups a re isomorphic then t h e i r F r a t t i n i subgroups are a l s o 
i somorph ic . 
PROOF; See [ 4 6 ] . 
1.16 DEFINITION (ESSENTIAL SUBGROUP); A subgroup E 
of a group A i s an e s s e n t i a l subgroup of A i f 
EPlB i= 0 , 
for any non-trivial subgroup B of A. 
1.17 LEMMA; A subgroup E of A is essential if 
and only if a homomorphism a ; A > G with an arbitrary 
group G is necessarily monic whenever a/E ; E ——» G is 
a monomorphism. 
PROOF; See [ll] 
1.18 PROPOSITION; A subgroup B of A is essential 
if and only if S(A)C: B and A/B is torsion, where S(A) is 
the socle of A. 
PROOF; See [57]. 
1.19 DEFINITION (DIVISIBLE GROUP); A group D is 
said to be divisible if all positive integers n divide all 
the elements of D. Thus [» is divisible if and only if 
nD = D for all n^N. 
It follows from the definition that an epimorphic image 
of a divisible group is divisible and a direct sum or a direct 
product of groups is divisible if and only if each component is 
divisible. Furthermore, if D^(iGI) are divisible subgroups 
of A, then so is their sum Z D.. 
i ^ 
1.20 THEOREM: Every group G has a unique decomposition 
G = D (?) R, where D is the maximal divisible subgroup of G 
which is uniquely determintd and R is the reduced part of G 
which is unique upto isomorphism. If D « 0, then the group 
is called reduced. Moreover, a divisible subgroup D of a 
group A is a direct summand of A, that is, A = D © C 
for some subgroup C of A. 
PROOF; See [llj. 
1.21 DEFINITION (DIVISIBLE HULL); A minimal divisible 
group E containing a group A is called a divisible hull 
(injective hull) of A. 
1.22 PROPOSITION; A divisible group E containing 
A is minimal divisible exa:tly if A is an essential subgroup 
of E. 
PROOF; See [llj. 
1.23 THEOREM; Every divisible group containing A 
contains a minimal divisibli* group containing A. Any two 
minimal divisible groups containing A are Isomorphic over A, 
PROOF; See [ll]. 
1.24 DEFINITION (PURE SUBGROUP): A subgroup H of G 
Is called a pure subgroup If the equation nx = h, where h^H, 
nGN Is solvable In H whenever it Is solvable in G, or 
equivalently, if nH « HHnG holds for all natural numbers n. 
It Is easy to verify that every direct summand is a 
pure subgroup. Purity is an inductive property. It is to be 
noted that a group is pure in every group containing it exactly, 
if it is divisible. 
1.25 THEOREM: Let B,C be subgroups of A such that 
CSBCA, then the following hold: 
(I) if C is pure In B and B is pure in A, 
then C is pure in A and hence purity is transitive, 
(II) if B is pure in A, then B/C is pure in A/C, 
(ill) if C is pure in A, B/C is pure in A/C, 
then B is pure in A. 
PROOF: See [ll] 
1.26 THEOREM: If G Is pure subgroup of A, then: 
(I) G^ = GHA^, 
( I I ) (G-»-A )^/A^ i s pure in A / A ^ , 
( i l l ) GCA^ implies G i s d i v i s i b l e . 
PROOF; See [ll]. 
1.27 THEOREM; Assunie that the subgroup B of A is 
the direct sum of cyclic groups of the same order p , where 
p£.P and k^N. Then the following statements are equivalent; 
(i) B is pure subgroup of A, 
(ii) B satisfies B n p ' ^ A = 0 , 
(iii) B is a direct summand of A. 
PROOF; See [ll]. 
1.28 THEOREM: A bounded pure subgroup is a direct 
summand• 
PROOF; See [ll]. 
1.29 THEOREM; Let F be a subgroup of G and G a 
subgroup of H. If F is pure in H, then F is pure in G. 
PROOF; See [ll]. 
1.30 THEOREM; If B is a pure subgroup of A such 
that A/B is a direct sum of cyclic groups, then B is a 
direct summand of A. 
PROOF; See [ll]. 
1.31 THEOREM; If H is a subgroup of G such that 
the factor group G/H is torsion-free, then H is pure in G. 
PROOF; See [llj. 
1.32 DEFINITION (GROUP OF HOfAOMORPHISM): If A and 
C are groups, then all the homomorphlsms of A into C form 
an abelian group denoted by Hoin(A,C)» 
If A is an infinite cyclic group, then Hom(A,C)^ C 
for any group C and if A is a cyclic'group of finite order 
n then Hom(A,C) ^  C[n]. 
1.33 THEOREM; In each of the following cases 
Hom(A,C) « 0 : 
(i) if A is a torsion group and C is a torsion-
free group, 
(ii) if A is a divisible group and C is a reduced 
group, 
(iii) if A is a p-group and C is a q-group, where 
p and q are distinct primes. 
PROOF: See [ll]. 
1.34 THEOREM? If A and C are groups, then the 
following hold: 
(i) Hom(A,C) is torsion-free whenever C is 
torsion-free, 
(ii) Hom(A,C) is torsion-free divisible if A is 
torsion-free divisible or C is torsion-free 
divisible, 
(iii) if A is divisible then Hom(A,C) is torsion-
free. 
PROOF: See [ll]. 
1.35 THEOREM: There exist natural isomorphisms: 
(i) Hom( © A., CJ^2 TT Hom(A.,C), 
i6l ^ ' i€.I ^ 
(ii) Hom(A, ^-n-^Ci)^^Tr^ Hom(A,Ci). 
PROOF; See [11], 
2. Neat And High Subgroups 
In this section, definitions of neat subgroup, 
high subgroup, essential and basic subgroups are given. 
Some elementary results on these subgroups are recorded. 
1.36 DEFINITION (NEAT SUBGROUP); A subgroup N of 
a group G is said to be a neat subgroup of G, if any 
equation px » h, p6.P, is solvable in N whenever it is 
solvable in G. This is equivalent to: 
pN «NnpG, for all pfeP. 
1.37 THEOREM; Let A be a group and let N be a 
subgroup of A. Then the following conditions on N are 
equivalent: 
(i) N is neat in A, 
(ii) if N is an essential subgroup of a subgroup 
E of A, then N « E, 
(iii) if GcN, then N/G^Z(p), p a prime, implies 
that N/G is a direct summand of A/G, 
(iv) for every prime p, N/pN is a direct summand 
of A/pN, 
(v) for every prime p, 0(a+N) « p implies that 
a+N contains an element e such that 0(e) = p 
PROOF; See [57J. 
1.38 THEOREMt If N is a neat subgroup of G and 
either N itself is an elementary p-group or the factor 
group G/N is elementary, then N is a direct summand of G. 
PROOF: See [lO]. 
1.39 THEOREM; If E is a minimal divisible group 
containing G, then N is a neat subgroup of G if and only 
if N = GOD, where D is a divisible subgroup of E. 
PROOF; See [lO]. 
1.40 THEOREM; For a subgroup A of G to be an 
absolute direct summand it is necessary and sufficient that 
if N is any neat subgroup of G with A AN = 0 , then 
A ® N is also neat in G, 
PROOF: See [lO]. 
Most of the properties of pure subgroups follow in 
neat subgroups. In torsion-free groups neatness coincides 
with purity. Neatness is inductive and transitive. 
The following example shows that neatness does not 
imply purity in general* 
1.41 EXAMPLE: A subgroup N = <pa + b> of a group 
G » <a> + <b>, where 0(a) » p and 0(b) » p (p a prime-
number) is a neat subgroup but not a pure subgroup of G. 
11 
1.42 DEFINITION (NEAT^-INJECTIVE); A group G is 
said to be neat-injective if G is a summand of every group 
in which it is contained as a neat subgroup* 
1.43 PROPOSITION: A group G is neat-injective 
if and only if E = D 0 TT T , where D ^ is divisible and 
pT = 0 for all primes p. 
PROOF; See [23]. 
1.44 DEFINITION (HIGH SUBGROUP): If H is a subgroup 
of a group G such that H is maximal with respect to the 
property 
HHG^ = 0, 
where G » Q», nG, then H is called a high subgroup of G. 
1.45 PROPOSITION: If H is a high subgroup of G 
then, 
(i) H is pure in G, 
(ii) G/H is divisible. 
4 
PROOF; See [33]. 
1.46 PROPOSITION; If H is an arbitrary subgroup of 
G and M is a subgroup maximal with respect to the property 
MHH » 0, then M is neat in G. 
PROOF: See [lOj. 
1.47 THEOREM: Let H and K be any two high 
subgroups of a group G. Then 
( i ) G/H i s a d i v i s i b l e hul l of (G^ © H ) / H S : G ^ , 
( i i ) G/H ^ G / K -
s 
PROOF; See [33]. 
1.48 DEFINITION (N-HIGH SUBGROUP); Let N be a sub-
group of a group G. A subgroup H of G maximal with 
respect to the property 
HON » 0, 
is called an N-high subgroup or N-high in G. When N = G , 
H will be called high in G. 
1.49 THEOREM; Let N be a subgroup of a group A. 
If H is an N-high subgroup of A and pACH for some 
prime p, then N is a direct summand of A» 
PROOF t See [57]. 
1.50 DEFINITION (HIGH-INJECTIVE): Let H^ » 0. Then 
H is high-injective if H is a direct summand of every group 
in which it is contained as a high subgroup. 
1.51 THEOREM; Let H be a high subgroup of G, and 
suppose H = H ^ © L . Then G « M (±)L, where M/G^ is the 
divisible part of G/G^. 
PROOF; See [34] 
1«52 THEOREMt Let H and K be any two high 
subgroups of a group G. Then 
(i) H/H^^K/K^, 
(ii) G/H^^G/K^. 
PROOF: See [33]. 
1.53 THEOREM: For a prime p, any p^A-high subgroup 
of A is a direct summand of A. 
PROOF; See [11]. 
1«5^ THEOREM: If B is a subgroup of A and C 
is a B-high subgroup of A, then a6A, pa6C (p a prime) 
implies a^B (J)CQA. 
PROOF: See [llj. 
1.55 PROPOSITION: If B is a subgroup of a group 
A and C is a B-high subgroup of A, then B + C is 
essential in A. 
PROOF; See [57]. 
1.56 THEOREM: A subgroup E of A is essential in 
A if and only if the following two conditions hold: 
(i) A/E is a torsion group, 
(ii) A[p]'^E for any prime p. 
u-
PROOF; See [ 5 7 ] . 
1.57 DEFINITION (BASIC SUBGROUP): A subgroup B of 
a torsion group A is called a basic subgroup if the following 
conditions hold: 
(i) B is a direct sum of cyclic groups of prime 
power orders, 
{ii) B is pure in A, 
(iii) A/B is divisible. 
1.58 PROPOSITION: If A is a p-group, every A^-
high subgroup of A contains a basic subgroup of A. 
PROOF: See [lO]. 
3. Exact Sequences And Group Of Extensions 
In this section, various types of exact sequences, 
commutative diagrams, necessary bits of information and result 
for the group of extensions through homological methods are 
given. 
1.59 DEFINITION (EXACT SEQUENCE): A sequence of groups 
Ai and homomorphisms a^, 
"k-1 **k "k+1 
, A^.^ > A^ > A^^i > — ( k i 2) 
i s c a l l e d an e x a c t sequence :Lf 
Im a^ = Ker ct. , . , fo r i = 1 , 2 , . . . . . . , k — l , . « * * . . . . 
1 
An exact sequence of the form 0 — 
-» 0 is ca l led a short exact sequence* 
-> B 
1.60 DEFINITION (CX)MMUTATIVE DIAGRAM); I f A,B,C and 
D are groups and a , p , ' ] ) , ^ and \x, a re homomorphisms, then 
the d iagrams: 
and 
-0 
are commutative if ai) = n, pn = 5 and pa =^1) respectively. 
1.61 LEMMA (3x3)t Assume that the diagram 
•» 0 
•» 0 
•> 0 
16 
is commutative and all the three columns are exact. If the 
first two or the last two rows are exact, then the remaining 
row is exact* 
PROOF; See [ll]. 
1.62 DEFINITION (ALGEBRAICALLY COMPACT GROUP): A group 
A is algebraically compact if A is a direct summand of every 
group which contains it as a pure subgroup. 
1.63 PROPOSITION; A direct product of groups is 
algebraically compact if and only if every component is 
algebraically compact, and a reduced algebraically compact 
group is a direct summand of a direct product of cyclic p-groups 
PROOF: See [ll]. 
1.64 THEOREM: Hom(A,C) is reduced algebraically 
compact if A is a torsion group, and algebraically compact 
if C is algebraically compact. 
PROOF: See [ll]. 
1.65 DEFINITION (EXTENSION): An extension G = (G,p) 
of a group A by a group C is a pair consisting of a group 
G and a homomorphism p such that the sequence 
L 
•» A > G ^ > C > 0 
i s a shor t exact sequence, where a may stand for the i den t i t y 
mapping. 
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The equ iva l ence c l a s s e s of these e x t e n s i o n s form a 
group which i s denoted by Ext(C,A)o 
^•66 DEFINITION (SPLITTING EXTENSION); The e x a c t 
sequence 0 > A > G = i> B > 0 
is called splitting if aA is a direct-sununand of G. 
1.67 PROPOSITION; In each of the following cases 
Ext(B,A) = 0: 
(i) if A is a divisible group, 
(ii) if B is a free group. 
PROOF: See [llj. 
1.68 PROPOSITION: If B is a torsion group, then 
Ext(B,A) is reduced. If A or B is torsion-free divisible 
then so is Ext(B,A). 
PROOF: See [ll]. 
1.69 PROPOSITION: The following isomorphisms hold: 
( i ) Ext(Q/Z, Z) ^ Tl J „ . where J i s the group of 
pfeP P P 
p - a d i c i n t e g e r s , 
( i i ) E x t ( Q , Z ) ^ Q , where >N'^  i s the s m a l l e s t 
c a r d i n a l . 
PROOF: See [ 1 2 ] . 
1.70 THEOREM: I f e : 0 > A > B >C > 0 
i s an e x a c t sequence , then the fo l lowing sequences . 
K. 
(i) 0 > Hora(C,G) ^ Hom(B,G) > Hom(A,G) 
> Ext(C,G) > Ext(B,G) > Ext(A,G) 
>0. 
(ii) 0 > Hom(G,A) > Hom(G,B) > Hom(G,C) 
> Ext(G,A) > Ext(G,B) > Ext(G,C) 
»>0 
are exact for every group G. 
PROOF; See [llj. 
1.71 THEOREM: There exist natural isomorphisms: 
(i) Ext( 0 B., A) ^ . TT Ext(B.,A), 
iti ^ i6I ^ 
( i i ) Ext(B, TT A j ^ T T Ext(B,Aj . 
PROOF: See [ l l j . 
4 . Group Of Pure And Neat Exact Sequences 
In t h i s s e c t i o n , the impor tan t concepts of c o t o r s i o n 
group and group of pure and n e a t e x t e n s i o n s wi th t h e i r 
e l ementa ry p r o p e r t i e s and s p l i t t i n g c o n d i t i o n s are g i v e n . 
1.72 DEFINITION (PURE EXACT SEQUENCE): The e x a c t 
sequence 0 > A —2—^ Q —e—^ Q ^ 0 i s c a l l e d 
pure e x a c t i f aA i s a pure subgroup of Ga 
Pure e x t e n s i o n s of A by B f o m a subgroup Pext(B,A) 
of Ext(B,A) which c o i n c i d e s with the f i r s t Ulm subgroup of 
Ext (B,A) , t h a t i s , Pext(B,A) = n n Ex t (B ,A) . 
1.73 PROPOSITION: In each of the following cases 
Pext(B»A) = Ot 
(i) if and only if B is a direct sum of cyclic 
groups, for all A, 
(ii) if and only if A is algebraically compact, 
for all B. 
PROOF; See [ll]. 
1.74 THEOREMt If the sequence 0 > A — 2 — > B 
— § — > C > 0 is pure exact, then the following hold: 
(i) 0 > Hora(C,G) > Hom(B,G) > Hom(A,G) 
> Pext (CG) >Pext(B,G) > Pext(A,G) 
> 0, 
(ii) 0 ^ Hom(G,A) > Hom(G,B) > Hom(G,C) 
> Pext(G,A) > Pext(G,B) > Pext(G,C) 
y 0 
are exact. 
PROOF: See [ll]. 
1.75 DEFINITION (COTORSION GROUP): A group G is 
called cotorsion if all of its extensions by torsion-free 
groups are splitting, that is, Ext(B,G) » 0 for all torsion-
free groups B. 
1.76 THEOREM: For a reduced cotorsion group G, 
there is a natural isomorphism Ext(Q/Z, G)^G. 
2C 
PROOF: See [ll]. 
This isomorphism holds also for a reduced algebraically 
compact group G. 
1.77 PROPOSITION: A reduced cotorsion group is 
algebraically compact if and only if its first Ulm subgroup 
vanishes. 
PROOF: See [ll]. 
^•78 THEOREM: Every group A can be embedded in a 
cotorsion group G such that G/A is torsion-free and 
divisible. If A is reduced, so can G also be chosen. 
PROOF: See [ll]. 
1.79 DEFINITION (NEAT EXACT SEQUENCE): The exact 
sequence 0 > A —-—*y G — ^ — > B — — > 0 is called 
neat exact if oiA is a neat subgroup of G. 
Neat extensions of A by B form a subgroup Next(B,A) 
of Ext(B,A) which coincides v/ith the Frattini subgroup of 
Ext(B,A), that is, Next(B,A) « npExt(B,A) and Next(B,A) 
p6P 
is cotorsion for all A,B. 
1.80 PROPOSITION: Next(B,A) « 0 if either A or B 
is an elementary p-group. 
PROOF: See [46]. 
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1.81 THEOREM; There exist natural isomorphisms: 
(i) Next( © B,,A)^Tr Next(B.,A), 
i^I ^ ifel ^ 
(ii) Next(B, ^1T Ai)^i IT Next(B,Ap, 
PROOF: See [46], 
1.82 THEOREM; Let e ; 0 > A > B > C 
-> 0 be a neat exact sequence. Then, for any arbitrary 
group G, the induced sequences: 
(i) 0 > Hom(C,G) > Hom(B,G) *> Hom(A,G) 
> Next(C,G) > Next(B,G) > Next(A,G) 
> 0, 
(ii) 0 > Hom(G,A) - — > Hom(G,B) > Hom(G,C) 
^ Next(G,A) > Next(G,B) >Next(G,C) 
»> 0. 
are exact. 
PROOF; See [46]. 
CHAPTER-II 
<1)-HIGH AND PURE SUBGROUPS 
High subgroups of a b e l i a n groups ve re in t roduced by 
I rwin [ 3 3 J . He def ined a subgroup H of G to be a high 
subgroup of G if H i s maximal with r e s p e c t to the 
p r o p e r t y H H G = 0 , where G = f\ nG. Many p r o p e r t i e s and 
n€N 
r e s u l t s on high subgroups were given by I rwin in [ 3 4 ] , [35] 
and [ 3 6 ] . L a t e r on s e v e r a l mathemat ic ians l i k e Walker, 
Pee rcy , Benabdal la and Mashhood in [ 2 3 ] , [ 3 4 ] , [4J and [44] 
employed homological methods to develop the t h e o r y of high 
subgroups . 
In this Chapter, we define the concept of (j)-high sub-
group of an abelian group. We prove that a (|)-high subgroup 
of a p-group together with a pure subgroup generate the 
p-group. The result is extended to torsion groups, but is 
not true for general groups. Torsion part of a (J)-high sub-
group is the 4)-high subgroup of the torsion part of the group. 
Splitting of a group with the help of (j)-high subgroups, 
splitting of a (t)-high subgroup and quotient groups are 
investigated. 
1* (j)-Hiqh Subgroups 
In this section, we define (j)-high subgroup of an abelian 
group and record some elementary properties. It is found that 
C o 
a (|)-high subgroup of a group and a pure subgroup of a p-group 
together generate the group* Th^ result is extended to torsion 
groups. It is proved that the torsion part of a 4)-high sub-
group of a group is the (J)-high subgroup of the torsion part 
of the group. 
2.1 DEFINITION ((1)^ HIGH SUBGROUP); A subgroup H of a 
group G is ())-high subgroup of G if H is maximal with 
respect to the property Hn(j)(G) = 0 . 
Parallel to exercise 6 page 116 of [ll], the following 
lemma is easy to prove. 
2.2 LEMMA; If H is a neat subgroup of G, then 
the following hold; 
(i) (t)(H) = Hn(l)(G), 
( i i ) ^ G T ^ is neat in ^ . 
2.3 REMARK; It follows that if H is a (jl-high 
subgroup of G, then H is neat in G (see proposition 
1.46) and lemma 2,2 implies that (t)(H) « 0. Thus (j)-high 
subgroups are reduced neat subgroups. 
First we concentrate on (t)-high subgroups of a p-group. 
In this direction we prove the following; 
2.4 THEOREM; Let G be a p-group, K a pure subgroup 
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of G containing (t)(G), then for any (t)-high subgroup H of 
G, we have 
G = <H, K>. 
PROOF; By a proof s i m i l a r to the p r o p e r t y ( i- ) , 
lemma 1 of [ 3 3 ] , i t i s c l e a r t h a t 
<H, K>5H[p] © < | ) t G ) [ p ] = G[p] 
By i n d u c t i o n , we suppose t h a t <H, K > ' 5 . G [ p " ] . Le t g6-G 
and 0 (g) = p""*"^, t h a t i s , g(=:G[p"'*"^]. I f gf^H, then 
<H, g>r \ (t)(G) /i 0 . Which imp l i e s t h a t t h e r e e x i s t s an e lement 
hen and an e lement g ' ^ ( l ) ( G ) ^ K such t h a t h + p'"g = g* ^ 0, 
where m < n+1 . P u r i t y of K in G imp l i e s t h a t t he re 
e x i s t s an e lement |c 6K such t h a t p^k = g* . Thus 
h + p™g - p'^k 
=> h = p"( k-g) . 
Since a (l)-high subgroup i s pure i t fo l lows t h a t H i s pure 
in G and so t he re e x i s t s an e lement h '6 .H such t h a t 
h ^ p ^ h ' . I t means p " ( g - k + h ' ) = 0 . 
=5> g-k+h»CG[p"]^<H,K> 
=» g^<H,K> 
^ <H,K>2.G[p'^'^^] 
=> <H,K>3G. 
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The reverse inclusion is always true, hence G = <H,K>. 
An alternative proof of the above theorem can also be 
given in the following way. 
If g 6.G is such that g^H, then pge.<^{0)Q.K* 
Purity of K in G implies that there exists an element 
k6.K such that pg » pk, then 
g-k = h+pg', 
for an h in H and a g'^G[p J. Thus 
g = h4-k+pg»^ H+K 
and hence 
G ^ H+K. 
The above result may be extended to torsion groups* 
2.5 THEOREM; Let G be a torsion group, K a pure 
subgroup of G containing (J)(G) , then for any (|)-high subgroup 
H of G, we have G = <H,K>. 
PROOF; Since a torsion group is the direct sum of primary 
groups it follows that 
G » © G , K = 0 K , H = © H and 
p P p P P ^ 
4>(G) = © ((t)(G)) . 
P ^ 
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Now, for each prime p, by a proof similar to lemma 11 of [33], 
H is (t)-high in G • Furthermore, K is pure in G con-
taining ((t>(G)) • So by theorem 2.4, 
G„ * <",^»K„> P P P 
=> ® G - < 0 H . © K > 
P ^ P ^ P '^  
:» G = <H,K>. 
Theorem 2.4 and 2.5 are not true for a general group. 
To show this we give the following example. 
N 
2.6 EXAMPLE: Let G = R , where R denotes the 
subgroup of Q generated by the fractions 
I l/p : p a prime numberj ' 
It means R is the rank one torsion free group of type 
(lrl»l ) 
Then 
N 
(()(G) = Z . 
Let K be the pure closure of (|)(G) in G so that 
N N N 
K/(p(G) = t((R /Z ) ) ^ t ( ( 0 Z(pj) ) 
A (t)-high subgroup H of G is necessarily pure in G 
2; 
and has t r i v i a l in t e r sec t ion with K. If we have G = H(+)K, 
then 
G / K S H ^ R ^ (by a 0 ' Wei l l ' s r e s u l t ) 
But th i s i s impossible, since 
G/K = G/((t)(G))^( 0 Z(p))Vt(( ©Z(p))^ 
P ' P 
has a non-trivial divisible part* 
Next, we prove that the torsion part of a (j)-high 
subgroup of a group is the (J)-high subgroup of the torsion 
part of the group. 
2.7 LEMMA: Let G be a group and H a (j)-high subgroup 
of G, then H^ is 4)-high subgroup of G^. 
PROOF: Clearly, H^ fj 45(Gt^  "" ^* ^^ prove the 
maximality, let g^^G^ witl) 0(g •,) = n» suppose g^^H. 
Since H is (t)-high in G ix follows that 
<H,g^>n(J)(G) ^ 0 
==«»> h + mg^ « g ?^  0, where h6,H, 
g^<t^(G) and m ^ n. Thus 
nh = nge.Hn(j)(G) = 0 
and so g is of finite order, that is, g6(<t>(G))x which 
implies g£.(t)(G^). Also, h is of finite order so, h6:H^. 
Hence 
<H^,g^>n(t)(G^) ^  0 
thus H^ is maximal disjoint from <|)(Gi). 
2. (l)»Hiqh And Pure Subgroups 
In this section, we discuss how (|)-.high subgroups are 
related to pure subgroups. We observe that Frattini subgroup 
and torsion part of the group play an important role and enable 
us in determining: when a pure subgroup of a group containing 
the Frattini subgroup of the group will become a direct sumjnand 
of the group* A high subgroup is pure see [33]. Also, a 
(j)-high subgroup is pure. We find how a 4)-high subgroup is 
related to any pure subgroup of the group. 
First, we prove when a pure subgroup of a torsion group 
G containing the Frattini sublgroup of G will become a direct 
summand of G. 
2.8 LEMMA: Let G be a torsion group, K a pure 
subgroup of G containing (|)(G) , then K is a direct summand 
of G if and only if there eicists a (j)-high subgroup H of G 
such that HflK is a direct isummand of H» 
PROOF: Suppose K is a direct summand of G, that is, 
G = K ® L . Let M be a subgroup of K such that M is 
2i 
maximal wi th r e s p e c t to the p r o p e r t y Mn<j'(G) = 0^((l)(G)^K) . 
Consequent ly , we have L (±)M i s maximal with r e s p e c t to the 
p r o p e r t y (L ® M)ri (J)(G) = 0 and hence H = L ® M i s 4)-high 
in G. Fur thermore , 
HflK = ( L 0 M ) n K = M©(LnK) =M 
Converse ly , suppose t h e r e e x i s t s a (|)-high subgroup H 
of G such t h a t HflK i s a d i r e c t summand of H, t h a t i s , 
H = (HOK) © R , where K i s pure in G c o n t a i n i n g (t>(G) . 
Theorem 2 .5 imp l i e s t h a t 
G « <H,K> = <(HnK) 0 R , K> = <a,K> 
Since RH K = 0, it follows that G = R 0 K . 
REMARK: The direct part of the theorem holds for 
any group G. 
Next, we discuss the condition under which a subgroup 
of a group will become pure. 
2.9 LEMMA: Let G be a group, H and K two sub-
groups of G such that HflK = Hx /^  0, then K is pure in 
G containing G.. 
PROOF: To show that K is pure in G, suppose 
ng^K for some g^G. Since HflK » H^ j^ O it follows that 
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Hn<*^»g> ^ C)> 1®^ 0 ?^  h = k + mg, where k ^ K , h6:H. Then 
nh = nk + nrng^^HO'^ = ^t; 
• •" '•> n h ^ H x . 
But H^ i s pure in H impl ies h ^ H ^ and hence h ^ H H K 
= = = > H n < K , g > C H n K . 
The r eve r se i n c l u s i o n always holds and hence 
Hn<K,g> = H n K = = = > g 6 K . 
Thus K i s pure in G. 
I f g 6 G i s such t h a t 0 (g) = n, t h a t is^ g ^ ^ t ' '^^ '^^  
ng 6: K which i s pure in G = = = > g ^ K =» •' '""» G^<^ K. 
The above lemma enab les us to connect a pure subgroup 
with a (j)-high subgroup in the fo l lowing form. 
2.10 THEOREM; Let G be a group, H a (t)-high subgroup 
of G and K a subgroup of G con t a in ing <(t)(G) , G.> such 
t h a t H O K = H. , then for any ({)-high subgroup H' of G we 
have KOH' = H*.. 
PROOF; By lemma 2 . 9 , K i s pure in G con t a in ing G^. 
A l so , H^^H ' and H*.C,G^<^K = = = ^ H ' . g H ' H K . 
For the r e v e r s e i n c l u s i o n , l e t h ' ^ K O H * such t h a t 
h ' ^ H . Since H i s (|)-high subgroup of G i t fo l lows t h a t 
<H,h'>n4)(«) ^ 0 
^ h + hh' = cj ?^  0 , where h ^ H , g^(|)(G)^K 
h = g - n h * ^ K n H « H^ ( for nh«^K) . 
Suppose 0(h) « m then, 
mh + ronh' « mg 
=> mnh' = mg^H*n(t'(G) = 0 
Consecfuently, 
=» h»^H^ =«=«» H'n KCH*.* 
H'Pi K = H}.. 
3. Splitting 6~Hiqh Subgroups 
In this section, we discuss the question that if a 
group splits then what happens to its (|)-high subgroups ? 
Do they also split ? It is found that conditions may be 
imposed on the group so that its (|)-high subgroups may split. 
The splitting of the quotient groups of a p-group in terms 
of (|)-high quotient groups has also been discussed, 
2.11 THEOREM; If a reduced group G splits over 
its maximal torsion subgroup G., then some (()-high subgroup 
of G splits, where (t)(G)^G^, 
PROOF; Let G splits, that is, G = G ^ 0 L . 
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The t o r s i o n p a r t G. of G i s pure in G c o n t a i n i n g (|)(G) 
and hence by remark fo l lowing lemma 2 . 8 , t he re e x i s t s a 4)-high 
subgroup H of G such t h a t HHG, i s a d i r e c t summand of 
H. This impl ies t h a t H. = H H G ^ i s a d i r e c t summand of H. 
If a group G s p l i t s then with the he lp of a ({)-high 
subgroup of G we can f ind ano the r (t)-high subgroup of G 
such t h a t the l a t e r ({)-high subgroup i s a d i r e c t summand of 
the former . 
2 .12 THEOREM; I f H i s a (j)-high subgroup of G and 
G = S 0 K , where SCH with 4(S) « 0 , then H » S ® ( H n K ) 
and HO K i s a (j)-high subgroup of K and a l s o of G. 
PROOF: Le t HHK be no t a (j)-high subgroup of K, 
then the re e x i s t s a non-zero e lement k feK such t h a t k ^ H 
and 
<HnK, k> n <t>(K) » 0 
< : — » <HnK, k> n ^(G) * 0 
We claim t h a t , 
S © < H n K , k>n4)(G) = 0 . 
If no t , then for s 6 S , meHflK and 
0 ?^  ge^iG) » (1)(K)^K. 
We have. 
s + m + nk « g 
s « g - ( m + n k ) ^ s n K = 0 
=» g = m + n k 6 < H n K , k>n<t)(G) * 0» 
which i s a c o n t r a d i c t i o n . But H C S ® < H r \ K , k> means H 
i s not maximal wi th r e s p e c t to the p r o p e r t y HO^^CG) " 0 , a 
c o n t r a d i c t i o n . Hence HQ K i s a (|)-high subgroup of K. The 
r e s t i s c l e a r . 
In the nex t theorem wo d i s c u s s when the f a c t o r group of 
a (t)-high subgroup of a group w i l l become a summand of the 
f a c t o r group of the g roup . 
2 ' I S THEOREM: Le t G be a p - g r o u p , H a (|)-high 
subgroup of G c o n t a i n i n g a subgroup B of G such t h a t 
G/B i s d i v i s i b l e . Then H/B i s a d i r e c t summand of G / B . 
PROOF: Since H / B C G / B i t fo l lows by Ku l ikov ' s 
theorem 20 .2 of [lO] page 66 t h a t t he re e x i s t s a minimal 
d i v i s i b l e group E / B such t h a t E / B ^ H / B . I f H / B ^ E / B , 
then H C E and hence En<t)(G) ^ 0 ( s i n c e H i s ^ -h igh 
in G) . So, t h e r e e x i s t s a non-zero e lement g6(t)(G)n E 
such t h a t g ^ H . Now, 
0 ^ <g+B>CE/B. 
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We claim that, 
If not, then 
<g+B>r\H/8 = 0. 
O ^ in(g+B) « h+B, for h^H 
=> mg + B = h + B 
^ mg - h^B 
mg - h » b, for some b6.B 
0 ^ mg « h+b^Hr)<l)(G) =» 0 
which is not possible hence 
<g+B>n (H/B) = 0. 
Applying Kulikov's lemma 20.3 of [lO] page 66, we have 
<g+B> = 0 
which is contrary to the choice of g« Thus H/B<^E/B. 
Hence E/B « H/B. But a divisible group is a direct summand 
so H/B is a direct summand of G/B. 
The above result is also extended to torsion groups. 
2.14 THEOREM: Let Ci be a torsion group and H 
a (|)-high subgroup of G containing a subgroup B of G 
such that G/B is divisible^ Then H/B is a direct-
sununand of G/B. 
PROOF: The proof runs on similar lines as that of 
theorem 2,13. 
CHAPTER-III 
(b-HIGH SUBGROUPS AND EXTENSIONS 
Every (|)-high subgroup is neat but the converse is not 
always true. In this chapter we find conditions that should 
be imposed on the group so that a neat subgroup of it may 
become a (|)-high subgroup. The result is first proved for 
primary groups and then extended to torsion groups. We prove 
that it is possible to decompose the divisible hull of a 
primary group. The divisible hull of a primary group is the 
direct sum of the divisible hulls of a (J)-high subgroup and 
the Frattini subgroup of the cjroup. The set of (l)-high subgroups 
of a torsion group G is found to be the intersection of G 
with the complementary summand of the divisible hull of the 
Frattini subgroup of G. 
(t)-high exact sequences, ({j-high-Gssential extensions and 
({)-high injectives are defined. A method to construct a (})-high 
exact sequence for a reduced group is found. This (})-high exact 
sequence made possible to find examples of (j)-high subgroup of 
a reduced group. (t)-high-essential extensions are derived from 
({)-high subgroups. (t)-high-essential extensions are related to 
4)-high injectives and it is proved that a group is (fj-high-
injective if and only if it has no proper (j)-high-essential 
extensions. 
3? 
1. (l)"Hiqh Subgroups Of Torsion Groups 
In this section, we answer the following questions. 
Is it possible to impose conditions on a torsion group 
such that its neat subgroup may become a (t)-high subgroup ? 
If H is a (t>-high subgroup of a torsion group G, then what 
can we say about the p-component of H ? Is it possible to 
decompose the divisible hull of a primary group with the 
help of the divisible hull of its (p-high subgroup ? What 
relation the set of (t)-high subgroups of a torsion group has 
with the group itself ? If there are two (p-high subgroups 
of a group then what is the relation between the quotient 
group and the Frattini subgroup of the group and between two 
quotient groups ? 
First we find condition such that a neat subgroup may 
become a (j)-high subgroup of a primary group. 
3.1 THEOREM: Let G be a primary group and M a 
neat subgroup of G such that 
M[p]©(t)(G)[p] » G[p], 
then M is a 4)-high subgroup of G* 
PROOF: Suppose under the given conditions M is not 
<t)-high subgroup of G, then M is not maximal with respect 
to the property Mn(t>(G) «= 0. There exists 0 ^ g^G but 
g^M such that <M,g>n4)(G) = 0 * Set <M,^> = H, which 
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contains M proper ly . Let 0 ^ h+M^H/M (h^H) be of order 
p then neatness of M in G implies by theorem 1.37(V) tha t 
0(h) = p , t ha t i s h 6H[p]:PM[p]. Also H[p]n4>(G)[p] = 0 
and so» 
H[p](±)(t)(G)[p]^G[p]. 
But by hypothesis 
M[p](±)4'(G)[p] » G[p]c::H[p] 04>(G)[p]^G[p] 
which is not possible and hence M is (|l-high in G. 
The above result can be extended to torsion groups and 
is contained in: 
3.2 THEOREM: Let G be a torsion group and M a 
neat subgroup of G such that 
M[p]®(t)(G)[p] « G[p], 
for all relevent primes p, then M is (|)-high in G. 
PROOF; The proof follows from theorem 3.1 and from 
the fact that a torsion group is direct sum of p-groups. 
The p-component of a (|)-high subgroup of a torsion 
group is (t)-high subgroup of the p-component of the group. 
3.3 THEOREM: Let H be a (J)-hlgh subgroup of a 
torsion group G, then H is (t)-high in G for each 
relevant prime p in the primary decomposition of G» 
PROOF; Since H and G are torsion groups» so they 
can be decomposed in their primary components, that is, 
G » (±) G„ and H » (±) H ' « (+) (HOG^) . 
p6P P p6P P p6P P 
Suppose PL i s not 4)-high in G , then there e x i s t s an 
element 
0 1= x^G but x^H with 
<Hp,x>n(t>(Gp) « 0. 
Put <H„,x> = K , then K » ® K.^ ^ ^r. = «< 
P P p6P P p6P P 
Now, 
Kpn<t)(Gp) = 0 
^ <£> K»,n (±) 4)(G^) = o 
P6P p p ^ p 
=» Kn(t)(G) = 0, 
which is a contradition to the fact that H is (()-high 
subgroup of G. Consequently, H is <t)-high in G for 
every p6P. 
^c 
Next we prove that the divisible hull of a primary 
group G is the direct sum of divisible hulls of a (|)-high 
subgroup of G and the divisible hull of Frattini subgroup 
of G. 
3.4 THEOREM; Let G be a primary group and H a 
(j)-high subgroup of G, D a divisible hull of G, A any 
divisible hull of H in D and 8 any divisible hull of 
(|)(G) in D. Then D =A(±)B. 
PROOF: To show D = A ® B , first we will prove that 
A O B = 0. Suppose not, and 0 j= x6Ar\B» then by Kulikov's 
lemma page 66 of [lO] there exist pdsitlve integers r and s 
such that 
p^x ^ p®x ^ 0 , whence p^x^H and p*x^(t)(G) 
max*(rf s) 
= = ? > 0 ^  px ^ H n ( f ( G ) . 
Which i s not possible so ARB = 0 . Since d i r e c t sum of 
d i v i s i b l e groups A and B i s d i v i s i b l e and a d i v i s i b l e group 
i s a d i r e c t summand. We can wri te 
D = A 0 B 0 C , 
where C i s complementary d i r e c t summand of D. Now there 
are two p o s s i b i l i t i e s . 
Ei ther COG j= 0 or c r \ G = 0 . 
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I f COG f 0 , then 
D » A ( + ) B 0 C 
=««> G H D S Gn(A(S)B(i)C) 
G = (GOA) © (GHB) © (GHC) 
=> G » A © B © ( G n C ) 
=» G 2 H © <t)(G) © (GHC) 
and i s such t h a t 
(H©(GnC))n4)(G) = 0 . 
Which c o n t r a d i c t s t h a t H i s (j)-high in G. Thus COG « 0 . 
Also C^D and D i s d i v i s i b l e h u l l of G so by Ku l ikov ' s 
lemma we have C = 0 and D =* A(i)B* 
The s e t of (|)-high subgroups of G i s the i n t e r s e c t i o n 
of G with the complementary d i r e c t summand of the d i v i s i b l e 
h u l l of the F r a t t i n i subgroup of G. 
3.5 THEOREM: Let G be a t o r s i o n group and E a 
d i v i s i b l e h u l l of G wi th D a d i v i s i b l e h u l l of (i>(G) in 
E, then the s e t of (t)-high subijroups of G i s the s e t of 
i n t e r s e c t i o n s of G with complementary d i r e c t summands of D 
in E. 
PROOF: Let E » D ( + ) A , where A i s complementary 
d i r e c t summand of D in E. Le t HCG such t h a t AflG * H 
and A i s d i v i s i b l e h u l l of H, then we have to prove t h a t 
H i s (t)-high in G. Since soc l e of a group i s equal to the 
soc le of i t s d i v i s i b l e h u l l i t fo l lows ^that 
E[p] = G[p] - ( D 0 A ) [ p J »D[p]®A[pJ «(J)(G)[p]0H[pJ. 
By theorem 1.39 i t fo l lows t h a t H * APlG i s n e a t in G. 
Theorem 3.2 imp l i e s t h a t H i s (t)-high in G. 
Conver se ly , l e t H be (j)-high in G, t h a t i s , H i s 
maximal with r e s p e c t to Hr\<P(G) = 0 . D i s minimal d i v i s i b l e 
group c o n t a i n i n g (t)(G) then by P r o p o s i t i o n 1.22 i t fo l lows 
t h a t (t>(G) i s an e s s e n t i a l subgroup of D. Fur the rmore , 
(HnD)n(t)(G) - Hn<|)(G) = o, 
D i s a d i v i s i b l e h u l l of (t)(G) in E and by Ku l ikov ' s lemma 
we have 
HflD » 0 . 
Since D is an absolute diroct summand of E containing (t>(G) 
(by exercise 8 of [ll] page 50) it follows that there exists 
A containing H with E » >k 0 D . 
Now, 
( A n o o D « (AnD)nG =» o 
= « ^ (AnG)n(t5(«) = 0. 
4o 
But HC.A, H^G which implies H ^ A H G . Thus by maximality 
of H with respect to Hn^(G) =0, we have H » AHG. 
The following isomorphisms hold: 
3.6 THEOREM; If H and K are any two (|)-high sub-
groups of G, then the following hold: 
(i) G/H is divisible hull of ^tQ)^^H ^(J)(G), 
(ii) G/H^G/K. 
PROOF: To show G/H is divisible hull of ^^^^® "^ (|)(G) , 
suppose G/H is not, then there will be divisible hull say 
D/H of 4)(G). This implies 
G/H » D/H0L/H. 
Since L / H ^ G / H and D/HflL/H « 0 . I t fo l lows by Kulikov's 
lemma that 
L/H = 0 and so G/H = D / H . 
Since G/H is divisible hull of *^-^^p^^ ^ (t)(G) and 
G/K is divisible hull of <t'(G)^ 0 ^  ^ (^(Q) . It follows that 
G/H ^ G / K (see theorem 1.23). 
2. (t)-Hiqh Exact Sequences 
Starting with the definition of (t)-high extension, we 
construct a (J)-high exact sequence 
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-» H > Ext(Q/Z,H) > Ext(Q,H) > 0 
by imposing conditions on H. With the help of this exact 
sequence numerous examples of (j)-high exact sequences can be 
found. One such example has been displayed. We have also 
discussed in this section the splitting'conditions for a 4)-high 
exact sequence. 
3.7 DEFINITION ((b^HIGH EXACT SEQUENCE): A sequence 
-> A —2L—.> B > C > 0 
is called a ((i-high exact sequence if aA is a (|)-high subgroup 
of B. 
3,8 DEFINITION (N^-GROUP): A group G is said to be 
a N^-group if all its neat extensions by torsion divisible 
groups split. 
Thus G is a N^-group if Next(Q/Z,G) = 0. 
form: 
then 
We construct a 4)-high exact sequence in the following 
3.9 THEOREM: If (()(H) = 0 and H is not a N^-group, 
-> H > Ext(Q/Z,H) > Ext(Q,H) > 0 
i s a (|)-high exact sequence. 
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PROOF; The exac tness of the sequence 
0 > z > Q > Q /Z > 0 
imp l i e s the e x a c t n e s s of the sequence 
0 = Horn' (Q,H) > Hom(Z,H)aH > Ext('Q/Z,H) > Ext(Q,H) > 0 
Since Q is torsion free and divisible it follows from property 
(J) of theorem 52.2 of [ll] that Ext(Q,H) is torsion free divisi-
ble, hence the sequence is neat exact and H is a neat subgroup 
of [:xt(Q/Z,H). Lemma 2.2 implies that 
4)(H) = Hn<|)(Kxt(Q/Z,H)) 
==» Hn(t)(Ext(Q/Z,H)) = 0 
=> HnNext(Q/Z,H) = 0. 
To prove that H is maximal disjoint from Next(Q/Z,H), 
it is sufficient to prove that (H + Next(Q/Z,H)) is an essentia 
subgroup of Ext(Q/Z,H), see [23]. For this purpose we first 
prove that H ^ Next(Q/Z,H) 3^ 3^ essential subgroup of ^ x l i g ^ 
Q ^ HH-Next(Q/Z.H) ^ Ext(Q/Z.H) ^ Ext(o/Z.H) 
Cons ider the exac t sequence 
t(Q/Z,  , ,f., w.v.v , ,^ . . , o 
H ^ H ^ H+Next(Q/Z,H) ^ ^' 
This sequence induces the exac t sequence 
, Ext(Q/z, i i l L a Z z j i ) ) , 
4£ u 
The last group is zero since ^^^(g/^tH), ^Ext(Q>H) 
and Ext(Q,H) is divisible. If ^^^$(fj|/| i\) is torsion-
free, then the first group is zero and hence 
Ext(Q/Z, H ^Next(Q/Z,H)) ^ ^ 
> H ^^  Next(Q/Z|H) is divisible (see exercise 2 of [ll]) 
" page 225 
K'ni^iS{f5/l^) ^^ divisible 
=v> Next(Q/Z,H) is divisible, which is not possible 
since Q / Z is a torsion group and Next(Q/Z,H) must be 
reduced. Hence 
Yi'l^uiltiQ/Z^H) ^^ "*='* ^ torsion-free group. 
Since ^X.S\Q/,^in/. is a torsion-free group whose socle is zero. 
In view of exercise 10 of [ll] page 87, 
H ^Next(Q/Z,H) ^^ ^^ essential subgroup of liJlLgZzjii. 
Now, if 
x n ( H + Next(Q/Z,H)) = 0 , for some subgroup XCExt(Q/Z,H) , 
then 
2 L ± - H n H + Next(Q/Z.H) ^ H _ -, 
H " H H •" '^  
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^ X 1; H ^ Q •> X + H = H . ir 
>» XCH which imp l i e s X = 0 . This proves t h a t 
H ••• Next(Q/Z»H) i s an e s s e n t i a l subgroup of Ex t (Q/Z ,H) . 
Theorem 3.9 g ives an e x p l i c i t answer to the ques t ion 
which groups H with (J)(H) = 0 can be (|)-high subgroup of 
some reduced group G wi th 4)(G) ?^  0 . 
3.10 EXAMPLE: Since (|)(Z) = 0 and Next(Q/Z,Z) \r 0 
the e x a c t sequence 
^ o 
0 > Z > E x t ( Q / Z . Z ) ^ T r J o > E x t ( Q , Z ) ^ Q > 0 
P ^ 
i s (t)-high e x a c t . The isomorphisms fo l low from page 180 of [ l 2 ] 
and e x e r c i s e 7 of [ l l ] page 221 r e s p e c t i v e l y . 
Now, we prove t h a t an e lementa ry p-group which i s a 
4)-high subgroup of a group i s the direct^summand of the g roup . 
3 .11 THEOREM: I f H i s an e lementary p -g roup , then 
the (t)-high e x a c t sequence 
0 ^ H ^ G > A > 0 
s p l i t s * 
PROOF: Since H is a (l)-high subgroup of G, it follows 
that H is neat in G and by theorem 4 of [45] H is a 
summand of G. 
46 
In the fo l lowing theorem we prove t h a t a (j)-high sub-
group of a group such t h a t the q u o t i e n t group i s an e lementa ry 
p-group i s a d i r e c t summand of the group* 
3«12 THEOREM; If H i s an e lementary p -g roup , then 
the <t)-high e x a c t sequence 
0 > G > A > H > 0 
s p l i t s . 
PROOF; Let a+G^A/G^iH i s of o rde r p then pa + G = G 
which imp l i e s p a ^ G but G i s ({)-high subgroup of A. So G 
i s nea t in A. Which i m p l i e s t h a t there e x i s t s g ^ G such t h a t 
pa = pg '•i"iiTf> p( a-g) « 0 '^^ •^ "—^ a - g 6 A [ p ] ^ A « I f M i s 
maximal d i s j o i n t from G in A, then by p r o p o s i t i o n 1 .55, 
M(t)G i s an e s s e n t i a l subgroup of A and theorem 1*56 impl i e s 
A [ p ] C M 0 G . Thus a - g ^ M 0 G =»?> a^M 0 G =«?> AC:M®G. 
But M 0 G C A . Consequent ly , A » M (±)G and the sequence 
s p l i t s . 
3 . (b-Hiqh E s s e n t i a l Ex tens ions 
In t h i s s e c t i o n ( j ) -h igh-essen t i a l e x t e n s i o n s and (J)-high 
i n j e c t i v e s are d e f i n e d . I t i s proved t h a t fo r a given (j)-high 
subgroup the re e x i s t s a homomorphism which g i v e s the (J)-high-
e s s e n t i a l e x t e n s i o n . The r e l a t i o n between (J)-high i n j e c t i v e s 
and ( j ) -h igh-essen t i a l e x t e n s i o n s has been e s t a b l i s h e d . 
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3.13 DEFINITION ((l)-HI(iH''£SSENTIAL EXTENSION); A is 
called a ())-high-essential extension of G, if G is (|)-high 
subgroup of A and there does not exists a subgroup H of A 
satisfying G O H « 0 and S ^ is (t)-high in A / H . In other-
words, if G is (j)-high in A and if v^ is a homomorphism of 
A into any arbitrary group which induces a monomorphism on 
G such that y^G is (j)-high in V^A, then VJ^  is a mononorphism. 
3.14 DEFINITION (MAXIMAL d)«HIGH.-ESSENTIAL EXTENSION); 
A is called a maximal (i)-high~essential extension of 
G if it is a <t)-high essential extension of G and there 
does not exist any (t)-high-essential extension A* of G 
such that A ^ A ' . 
3.15 DEFINITION ((t-HIGH-INJECTIVE); A group H is 
said to be (()-high injective if it is a direct summand of every 
group in which it is a (p-high subgroup. 
To start with we prove the following; 
3.16 LEMMA; The union of (|)-high subgroups of a group 
A is again a (p-high subgroup of A. 
PROOF; L©t H = U H^ , where H4 are (p-high subgroups 
i^I ^ ^ 
of G, then 
Hn(t)(G) = ( U H.)n(t)(G) = U (H.n<t)(G)) = 0 . 
161 ^ iCI ^ 
Suppose H is not maximal and there exists 0 ^ g6G, g^H 
5l 
such that 
<H,g>n<t>(G) * 0 
-» < U H, ,g>n(t)(G) = 0 
i» U <H,,g>n<t>(G) " 0 
i6I ^ 
t 
which is a contradiction to the fact that H^ ^ are 4)-high. 
In the next theorem we prove that a ((i-high-essential 
extension can be obtained for a given (t)-high subgroup with the 
help of a horaomorphism which induces a monomorphism on the 
group. 
3»17 THEOREM; If G is a (Jj-high subgroup of A, 
then there exists a homomorphism ^ which induces a monomorphism 
on G and for which Vi/A is a (jj-high-essential extension of 
PROOF; Let ^H,Z be a chain of subgroups of A, 
*- ^^i6I 
G+H, 
with the properties GHHj^ = 0 and "Tp* is 4)-high in A/HJ^ 
for all i^I. Let H » U H,, then GflH » 0. It is easy to 
i6l ^ 
prove that -pp is (t)-high in A / H . Hence by Zorn's lemma 
we can find a maximal member B of A such that G O B « 0 
and — ^ is (|)-high in A / B . NOW define 
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^ : A > A/B 
a natural epimorphism, then Ker v^ » B. Also GflB « 0 . 
•I MiiiB> K e r ( ^ / G ) « 0 . 
That i s , Vy r e s t r i c t e d to G i s a monomorphism. Furthermore, 
Now, S±§ i s (l)-high in A/B impl ies that ^ ( G ) i s (|)-high 
in y / (A) . To show ^ ( G ) i s e s s e n t i a l in V^(A) , l e t 
X/B^A/B = y ( A ) . Suppose - g ^ H X/B = 0 
Mx»o 
G O X = 0 
X = B 
=> V^(G) is essential in ^ (A) and 
henceV^(A) is ())-high-essential extension of^ f'CG). 
There exists a relation between (()-high injectives and 
{t)-high-essential extensions which is contained in the following 
theorem. 
3.18 THEOREM: A group is (t)-high injective if and only if 
it has no proper ())-high-essential extensions. 
0 ti 
PROOF: Let A be a (J)-high injective group and 
suppose C is a (|)-high-essential extension of A. 
The inclusion map 
i : A > A 
may be extended to a map 
^ : C J. A 
such t h a t the diagram 
-> A 
sk 
-a-> c 
4 
i s commutat ive. Now \j/r) = i which impl i e s v^ i s e p i c . 
F u r t h e r A O K e r y = 0 which Impl ies K e r y = 0 ( s i n c e A i s 
e s s e n t i a l in C) . Thus \1/ i s isomorphism. Hence A = C. 
Conversely^ suppose A i s (|)-high in H then by 
theorem 3.17 t h e r e e x i s t s a group B such t h a t AflB = 0 and 
H/B i s 4 ) - h i g h - e s s e n t i a l e x t e n s i o n of ^ 5 ^ ^ A. But by 
«s«umption A has no proper ( j i -h igh-essen t i a l e x t e n s i o n s so 
H/B = A which impl i e s H = A 0 8 and A i s (l)-high i n j e c t i v e . 
CHAPTER»IV 
GENERALISATION OF (t)~HIGH SUBGROUPS 
A (t)-high subgroup of a group G i s pure and a l so nea t 
in G. That i s pure subgroups and nea t subgroups are gene ra -
l i s a t i o n s of ({)-high subgroups . The aim of t h i s chap te r is to 
f ind c o n d i t i o n s under which t h e s e two g e n e r a l i s a t i o n s c o i n c i d e . 
In o t h e r words we w i l l i n v e s t i g a t e the c o n d i t i o n s under which 
a nea t subgroup reduces to a pure subgroup. We prove t h a t if 
n i s a s q u a r e - f r e e n a t u r a l number and A, a subgroup of a 
group G such t h a t nA = 0 , then A i s nea t subgroup of G 
if and only i f A i s a d i r e c t summand of G« This r e s u l t 
helps in f i n d i n g the s p l i t t i n g n e a t exac t sequences . 
A subgroup A of G i s c a l l e d a B-pure-high subgroup 
of G i f A i s maximal d i s j o i n t from B and (A+B)/B i s 
pure in G/B and a B-nea t -h igh subgroup of G i f A i s 
maximal d i s j o i n t from B and ( A + B ) / B i s nea t in G/B. An 
exac t sequence 
0 > A > G > C > 0 
i s a B-pure-h igh e x t e n s i o n i f A i s a B-pure-h igh subgroup 
of G and a B-nea t -h igh e x t e n s i o n i f A i s a B-nea t -h igh 
subgroup of G. Every pu re -h igh subgroup i s a nea t -h igh 
subgroup and a pure -h igh e x t e n s i o n i s a n e a t - h i g h e x t e n s i o n . 
54 
The converse is not always true* The above mentioned result 
suggests the conditions that should be imposed such that a 
neat-high subgroup may become a pure-high subgroup and a neat-
high extension reduces to a pure-high extension* 
1. Neat Subgroups And Extensions 
In this section we have discussed the question: 
What condition should be imposed on the neat subgroup of a 
group such that it may become pure ? And a neat extension 
reduces to a pure extension. 
In the following lemma we impose condition on a neat 
subgroup so that it may become a direct summand of the group. 
4,1 LEMMA; If n is a square-free natural number 
and A a subgroup of a group G such that nA = 0, then A 
is a neat subgroup of G if and only if A is a direct— 
summand of G. 
PROOF: Let 
^ ' G » <^A,n(S> 
be the natural homomorphism. The factor group '"/A nC^N,' is 
bounded and thus a direct sum of cyclic groups. Let 
= © <x„>, <A»'^ G> m ^ •" 
where <x„> is cyclic group of order n_. For each m we 
choose x^^G such that f(x ) = x«. Then n x„^<A,nG> 
m m m m m 
so t h a t 
( i ) "m 5<m = *^ « ••• "9« fo r h „ 6 A , g _ 6 G . 
' m m m 'm m m 
Since n„x_ = 0 and nx_ =0 it follows that n„ divides m m m in 
n and hence n„ is itself square-free for all m and so (1) 
m ^ 
becomes 
h„ = n„ (x„ - ~ - 9-,) • m m * m n^ 'm m 
Neatness of A in G imp l i e s the e x i s t e n c e of ^m^A with 
n h* = h . Now ( l ) can be w r i t t e n 
mm m 
mm mm m 
m m m m 
If" y-» = x„ - h i , then 
m m m 
"mY ,^ = ^9r„ and f (y„ ) = f ( x „ - h ' ) = x^ mm 'm * 'm m m m 
L e t , 
K = < n G , . . . . . . , y j j j . > . 
We prove t h a t G = A ( + ) K 
5G 
(a) A O K - O , for i f x g - A f l K then 
mm ^ "* 
while X6.A implies f(x) = 0 . Thus 
2 Pm^m = 0 
mfeM "* ™ 
and i t fo l lows t h a t n„ d i v i d e s p . But 
so t h a t 
V m " " 9 „ ^ " G ' 
Pmym^"°-
The re fo re , 
and s ince A i s nea t in G t h e r e e x i s t s h ^ A with x = nh 
But nH = 0 so t h a t x = nh = 0 . 
(b) G = <A,K> : I f g ^ G , then 
f(g) = E pJZ. 
ma« "* "» 
Fur the rmore , s i nce 
.lMVm = f (4 / .V„) . 
5'? 
we have 
0 « f (g) - f( L p y ) = f ( g - i: p y ) 
m(-:M "* "" mtM "* "» 
Hence 
5 - L ^HiYm^ ^A'"°>» 
m6M 
and so 
g - E PniYn^  « h + n g \ fo r h ^ A , g ' ^ G . 
m6M 
Thus 
g = h+ng' + l P„y„ ^ <H,K>. 
The lemma i s comple te ly p roved . 
4 .2 REMARK: I f n i s any prime power number and A 
a subgroup of G which i s maximal d i s j o i n t from nG, then A 
i s a d i r e c t summand of G ( s e e theorem 1 .53 ) . 
The above theorem enab l e s us to show t h a t the same 
holds for a l l s q u a r e - f r e e n a t u r a l numbers n . 
4 . 3 THEOREM: I f n i s a s q u a r e - f r e e n a t u r a l number, 
then the nea t ex t ens ion 
-> A > G i> B i> 0 
sp l i t s if nA = 0. 
5. 
PROOF; The proof follows from lemma 4.1 
Lemma 4.1 suggests the following: 
4.4 THEOREM; If n is a square-free natural number 
and A is a nG-high subgroup of G, then the sequence 
-> A > G > B > 0 
is splitting neat exact. 
PROOF; If A is a subgroup of G which is maximal 
with respect to the property AOnG = 0 , then A is neat in 
G, that is, 
mA = AHniG, for all square-free natural numbers m. 
In particular, if m = n then nA = 0 and theorem 4,3 
completes the proof. 
In case A is a direct sum of cyclic groups of the 
same order n, where n is a square-free natural number, 
then we prove the following theorem. 
4.5 THEOREM: If n is a square-free natural number, 
then the neat extension 
0 > A > Ci > B > 0 
splits if A is a direct sum of cyclic groups of the same 
order n. 
5S 
PROOF; Follows from theorem 4.3 
If we concentrate on p-groups, theorem 4,3 takes an 
elegant form which is contained in the following theorem. 
4.6 THEOREM; The neat extension 
0 > A > G » B > 0 
splits if A is an elementary p-group. 
PROOF: Since every elementary p-group is a direct 
sum of cyclic groups of the :5ame order p (see [ll]). It 
follows that pA = 0. The rost is clear in view of theorem 
4.3. 
2, Neat-High Subgroups And Extensions 
If A and B are subgroups of a group G such that 
n(A+B) = 0 for a square-free natural number n. Then we 
prove that neatness of (A+B)/B in G/B reduces to purity 
of (A+B/B) in G/B. In other words we discuss in this 
section when a B-neat-high subgroup will become a B-pure-high 
subgroup and a B-neat-high extension will reduce to a B-pure-
high extension. In this direction we prove the following 
lemma. 
4.7 LEMMA; If n is a square-free natural number 
and A and B are subgroups of G such that n(A+B) = 0, 
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then (A+B)/B is neat in G/B if and only if (A-»-B)/B is a 
direct summand of G/B» 
PROOF; The factor group 
G/B 
<(A+B)/B,n(G/B)> 
is bounded and hence direct sum of cyclic groups* Let 
(±) <Xj^>, 
<(A+B)/B,n(G/B)> i6S 
where S is the set of all square-free natural numbers and 
<x.> is cyclic group of order n.. Define the natural 
homomorphism 
f : G/B > © <x.> 
ifeS ^ 
in such a way t h a t fo r each i we choose x. + B S G / B so 
t h a t f( x^ + B) = X,, then 
f |nj^(x^ + B) I = n^ Xj^  = 0 
• ^ n^(x^+B)^<(A+B)/B, n(G/B)>. 
Let 
n^(x^+B) = (a^+B) + (ng^+B) , 
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for some a* 6A and g,€.G* Since nx^ ^ = 0 , it follows that 
n, divides n and hence n^ is itself square-free for all i. 
Now 
(i) a^ B^ = ni{(Xi^B) - ^ ^ (9^+3)]. 
Neatness of (A+B)/B in G/B implies that there exists 
(aJ+B; ^ CA+B)/B such that nj^ (a[+B) = a^ +^B. 
If 
Yj^ +B » (xj^ +B) - (a[+B), 
then from (l) we have 
n^(yj+B) = (a^+B) + nCg^+B) - (a^+B) 
> n^ (yj^ +B) =n(gj^+B). 
Also, 
f(yi+B) = f(x^+B) = Xj. 
Define, 
L = <n(G/B) , y^+B, 
We claim that 
G/B = (A+B)/B © L . 
If 
(a ) 
then 
xG(A+B)/BnL, 
X =» S m. (y.+B) + (ng+B)€L 
i e s ^ ^ 
Also, 
xfe(A+B)/B imp l i e s f (x) = 0 
Consequent ly , 
f ( x) = 0 = f / E m. (y.+B) + (ng+B)f = E m.x. 
lies ^ ^ J i6S ^ ^ 
=> n^ d i v i d e s m^. 
Now, 
n^Cy^^+B) = n(gj^«-B)^n(G/B) 
=» mj^(y^+B) £n(G/B) 
and so 
X = E m.(y.+B) + n(g+B) £ n(G/B) . 
i e s ^ ^ 
But (A+B)/B i s nea t in G/B impl ies 
n ^ ( A + B ) / B y = (A+B)/Bnn(G/B) 
and t h e r e f o r e , 
x ^ n I (A+B)/By , bu t n(A+B) = 0 
impl ies x ^ B and so 
(A+B)/BpiL = 0 . 
(b) Now, if g+B6G/B, then 
f(g+B) « I mj^  xj^  = f( Z m[(y^+B)) 
i^S i£S 
f((g+B) - £ tnUy.+B)) = 0 
i6S ^ ^ 
t> ((g+B) - Z m](y.+B))6<(A+B)/B,n(G/B)> 
i^S ^ ^ 
> (g+B) - E mi(y.+B) = (a+B) -f n(g'+B) 
i^S ^ ^ 
for some a+B^ (A+B)/B and g ' + B ^ G / B . 
(g+B)£<(A+B)/B,L>. 
Consequen t ly , ( A + B ) / B i s a d i r e c t summand of G / B . 
With the he lp of lemma 4 . 7 , the proof? of the fo l lowing 
theorems are c l e a r . 
4 , 8 THEOREM; If n i s a s q u a r e - f r e e n a t u r a l number, 
a B-nea t -h igh ex t ens ion 
-j> A ^ G > C 
is a B-pure-high extension if n(A+B) = 0. 
6^ 
4 .9 THEOREM: A B-nea t -h igh e x t e n s i o n 
-> A > G > C 
i s a B-pure-h igh ex t ens ion if (A+B) i s a d i r e c t sum of 
c y c l i c groups of o rder n ( a s q u a r e - f r e e n a t u r a l number) 
4 ,10 THEOREM: A B-nea t -h igh e x t e n s i o n 
^ A > G > C > O 
is a B-pure-high extension if (A+B) is an elementary p-group. 
CHAPTER-V 
P-NEAT SUBGROUPS AND EXTENSIONS 
The purpose of t h i s c h a p t e r i s to f u r t h e r g e n e r a l i s e 
the (()-high subgroups and 4)-high e x t e n s i o n s . For t h i s purpose 
we have d i s c u s s e d P - n e a t subgroups and t h e i r e x t e n s i o n s . 
The concept of P - n e a t subgroups was f i r s t in t roduced 
by Yahya in [ 6 9 ] . He de f ined , a subgroup H of G to be a 
P - n e a t subgroup of G i f pH = HfipG for p ^ P , where P 
i s a family of p r imes . E q u i v a l e n t l y , H i s P - n e a t in G if 
the equa t ion ma = a* impl ies ma. = a* for a ' , a ,6 .H, a ^ G 
and m^P where P i s the s e t of f i n i t e p roduc t s of d i s t i n c t 
primes from a family of primes P . He f u r t h e r developed the 
theory of P - n e a t subgroups and e x t e n s i o n s in [69] and [ 7 1 ] . 
Since (J)-high subgroups are n e a t , we have a cha in of subgroups . 
(t)-high subgroups C. nea t s u b g r o u p s C P - n e a t subgroups* 
Thus P - n e a t subgroups are gene j ra l i za t ion of (j)-high subgroups 
and a l so of nea t subgroups . A P - n e a t subgroup i s a nea t sub-
group i f P i s the family of a l l p r imes . 
The e x a c t sequence 
-j> A > B > C >0 
i s a P - n e a t e x a c t sequence i f f(A) i s a P - n e a t subgroup of 
B. The s e t of a l l P - n e a t e x t e n s i o n s of A by C forms a 
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group P-Next(C,A) which is a subgroup of Ext(C,A). In fact, 
"^  S 
P-Next(C,A) = Ext(C,A) = n nExt(C,A). 
n6.P 
If 'the sequence 
0 > A > B > C > 0 
i s P - n e a t e x a c t , then for any group G, the fo l lowing sequences : 
0 >Hom(C,G) -> Hom(B,G) >Hoin(A,G) 
> P-Next(C,G) > P-Next(B,G) > P-Next(A,G) > 0 , 
0 > Hora(G,A) >Hom(G,B) > Hom(G,C) 
>P-Next(G,A) >P-Next(G,B) >P-Next(G,C) > 0 
are e x a c t . A group G i s P - n e a t i n j e c t i v e if 
Ext(Q,G) X. 0 = P-Next(Q/Z,G) . 
A reduced c o t o r s i o n group G i s P - n e a t i n j e c t i v e i f and only 
i f G = 0 . The above mentioned r e s u l t s can be found in [69] 
and [ 7 1 ] . 
In t h i s chap te r we have proved t h a t the group P-Next(C,A) 
i s c o t o r s i o n for a l l groups A and C. I t he lp s in proving 
t h a t a group G can be embedded as a P - n e a t subgroup in a 
reduced P - n e a t i n j e c t i v e g roup . We have s t u d i e d the group 
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P-Next(C,A) by fixing the group C to be a divisible group 
and varying.the group A. It is found that if C is a 
divisible group and A is such that A = 0, then P-Next(C,A) 
is torsion-free divisible. If C is a torsion divisible 
group and A a torsion-free group, then P-Next(C,A) is 
reduced algebraically compact. An exact sequence connecting 
P-Next to Horn, isomorphisms for the group P-Next and splitting 
condition for the P-neat extension are found. P-high subgroups 
and extensions are defined. A P-high subgroup is P-neat. It 
is shown that a group H is a direct summand of every group 
in which it is P-high if and only if P-Next(Q/Z,H) = 0 . 
!• P-Neat Exact Sequences And The Group P-Next 
In this section, elementary properties of P-neat sub-
groups and the group of P-neat extensions are recorded. The 
group of homomorphisms Horn, is connected with the group of 
P-neat extensions P-Next, in the form of an exact sequence. 
The change in the group P-Next(C,A) by changing the groups C 
and A are found. Conditions under which the group P-Next(C,A) 
becomes isomorphic to the group Hom(C,A) and the decomposition 
of the group P-Next(C,A) by varying the groups C and A 
have been investigated. 
To start with we require the following two lemmas. 
5.1 LEMMA; If H is a P-neat subgroup of G, then 
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PROOF: H = n nH - 0 (HnnG) = HflC H nG) = HO'G'. 
n^P n^P nfeP 
5o2 LEMMA; P-Next(B,A) is a cotorsion group, for all 
groups A and B. 
PROOF: Since for arbitrary groups' A and B, 
^ s. 
Ext(B,A)/P-Next(B,Ar = 0 
the factor group Ext(B,A)/P-Next(B,A) is reduced. The exact 
sequence 
0 > P-Next(B,A) >^Ext(B,A) > Ext(B,A)/P-Next(B,A)—>0 
yields the exact sequence 
Hom(Q,Ext(B,A)/P-Next(B,A)) —-> Ext(Q,P-Next(B,A)) > 
> Ext(Q,Ext(B,A)). 
The first group is zero, since Q is divisible and 
Ext(B,A)/P-Next(B,A) is reduced. Also, the last group vanishes, 
since Ext(B,A) is cotorsion for all groups A and B (see 
theorem 54,6 of [llj). Hence Ext(Q,P-Next(B,A)) =0 and 
P-Next(B,A) is cotorsion. 
To have more insight in the group of P-*neat extensions 
we prove the following theorem. 
Bi 
5.3 THEOREM: If Ext(B,A) is algebraically compact, 
then so is P-Next(B,A). 
PROOF; Let Ext(B,A) be an algebraically compact 
group. Since a group is algebraically compact if and only if 
its reduced part is, we may assume that P-Next(B,A) is reduced. 
This implies that Ext(B,A) is reduced. Hence Pext(B,A), 
being the first Ulm subgroup of Ext(B,A), vanishes (see the 
remark following Corollary 38.2 in [ll]). But if the first 
Ulm subgroup of Ext(B,A) vanishes then so does the first 
Ulm subgroup of P-Next(B,A). We have proved that the first 
Ulm subgroup of the reduced cotorsion group P-Next(B,A) is 
zero (lemma 5,2), and so proposition 1«77 implies that 
P-Next(B,A) is algebraically compact. 
Concerning the factor group Ext(B,A)/P-Next(B,A) we have. 
^''^ THEOREM; Ext(B,A)/p-Next(B,A) is for all groups 
A and B an algebraically compact group. 
PROOF; The Frattini subgroup and hence the first Ulm 
subgroup of the factor group 
Ext(B,A)/P-Next(B,A) 
is zero. Furthermore, since a homomorphic image of a cotorsion 
group is cotorsion, we have 
Ext(B,A)/P-Next(B,A) 
7L 
a reduced cotorsion group whose first Ulm subgroup vanishes. 
Hence it is an algebraically compact group. 
Next, we discuss the embedding of a group in a reduced 
P-neat injective group. 
5.5 LEMMA; A group H can be embedded as a P-neat 
subgroup in a group G = T T H/nH if and only if H = 0. 
n^P 
Moreover, the corresponding quotient group G/H is torsion-
free divisible and G is a reduced P-neat injective group. 
PROOF; Let H = 0. Define a homomorphism 
f . H > G such that 
f(h) =( , h+nH, ), for he.H. 
Now, in order to prove that f(H) is a subgroup of G we 
prove that f is a monomorphism. Let f(h) = 0 , then 
( , h+nH, ) = 0 
=» h + nH = 0 
=> hg.nH, for every n^P 
=^  he 0 nH = H'= 0. 
ng-P 
Thus f is a monomorphism. 
7 : 
Now, we prove t h a t f(H) i s P - n e a t in G. Let the 
equa t ion 
ng = f (h) 
be so lvab l e in G for h6.H, g ^G and n ^ P . Then 
g = ( fhj.+nH, ) , f o r some hj.€iH. 
»» ng = ( ,nh^+nH» ) = f (h) = ( , h + n H , . . , ) 
=5> ( nh^-h) e nH 
=> h £ n H 
:> f ( h ) ^ n f ( H ) 
=i> n g ^ n f ( H ) 
=» g ^ f ( H ) . 
Conver se ly , H i s P - n e a t in G impl i e s t h a t 
Tr = Hr\G = 0 ( see lemma 5.1) . 
Fu r the rmore , s i nce Q i s t o r s i o n f ree we have: 
Ext(Q,G) « P-Next(Q,G) = P-Next(Q, T T H/nH) 
n6P 
^ 1 I P-Next (Q,H/nH) 
n^P 
= 0 ( s e e theorem 2.14 of [ 6 9 ] ) . 
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So, G i s reduced c o t o r s i o n . Theorem 1.78 and theorem 2 . 8 
of [71] complete the proof . 
We e s t a b l i s h the isomorphism between Horn and P-Next, 
which w i l l be f r e q u e n t l y used in the s e q u e l . 
5 ,6 THEOREM; Le t H be a group such t h a t H = 0 , 
then 
P-Next(D,H) S Hom(D,G/H), 
for any divisible group D and G = TT H/nH. Moreover, 
n^P 
P-Next(D,H) i s t o r s i o n - f r e e c o t o r s i o n . 
PROOF; Th© sequence 
0 > H > G > G/H > 0 
i s P - n e a t e x a c t ( see lemma 5 . 5 ) . And induces the e x a c t sequence 
Hom(D,G) > Hom(D,G/H) •>P-Next(D,H) > P-Next(D,G) 
( s e e theorem 2 , 9 of [ 7 1 ] ) . The f i r s t and l a s t groups are zero 
s ince G i s reduced P - n e a t i n j e c t i v e . The r e q u i r e d isomorphism 
f o l l o w s . 
Since D i s d i v i s i b l e i t fo l lows by theorem 1.34(111) 
t h a t Hom(D,G/H) and hence P-Next(D,H) i s t o r s i o n - f r e e . 
Lemma 5.2 completes the p roof . 
7o 
Next , we i n v e s t i g a t e the group P-Next(B,A)» t ak ing B to be 
a t o r s i o n d i v i s i b l e group Q/Z and A a t o r s i o n f ree group 
We e s t a b l i s h an isomorphism between P-Next and Horn. 
^ •7 THEOREM: Let D be the i n j e c t i v e h u l l of any 
t o r s i o n - f r e e group A, then fo r any monomorphism 
g : A > D 0 TT. Z(n) 
n ^ P 
P-Next(Q/Z,A) = Hom(Q/Z , (D0 T V Z ( n ) / g A ) . 
Moreover, the group P-.Next(Q/Z,A) is a reduced algebraically 
compact group. 
PROOF; Imbed A in its injective hull D : 
^ A —SL-^ D 
Define a monomorphism 
g : A > D (±)TX Z( n), 
n€:P 
where Z(n)=A/nA such that 
g(a) = (a(a), ( , a+nA, )), 
for a ^ A . Then g(A) i s a P - n e a t subgroup of D 0 TT Z ( n ) , 
n e P 
7^ x 
for if m^P and 
( i , ( , a^  + nA ) ) ^ D ® TL A/nA. 
where afcD and a^6. A, such t h a t 
r 
m("a, (....,a + nA,.•..)) = g( a) = (a(a)»( »a + nA,...)) 
Then 
m^ = a(a) and 
ra( ,a + nA ) = ( , a + nA, ) . 
From the second equality it follows that a^mA, say a = ma* 
for some a'^ A. Hence 
g(a) =(a(a), ( ,a + nA )) 
= (a(ma'), ( ,ma* + nA, )) 
= m(a(a'), ( ,a' -^  nA, )) 
= mg(a') . 
Thus the sequence 
0 > A ^ D © TT Z( a) > (D 0 TT Z( n) )/gA > 0 
n e P n ^ ' 
i s P - n e a t e x a c t and theorem 2«9 of [71] induces the e x a c t sequence 
7. 
Hom(Q/Z,(D0 T T z ( n ) ) ) >Hom(Q/Z,(D0 TT_ Z(n))/gA) > 
P-Next(Q/Z,A) > P-Next (Q/Z, (D0 IX^ Z ( n ) ) ) . 
n e P 
But the f i r s t group: 
Hoin(Q/Z,(D® TT Z(n)))=Hom(Q/Z,D) 0Hom(Q/Z, TT_Z(n)) 
n e P n € P 
= Hoin(Q/Z,D) ® T T Hom(Q/Z,Z(n)) 
n e P 
s 0 * 
Since D, the d i v i s i b l e hull of a tors ion-f ree group is 
to rs ion- f ree and Z(n) i s reduced. Furthermore, the l a s t 
group: 
P-Next(Q/Z,(D®TT Z(n)))^P-N$:<t(Q/Z,D) ®P-Next(Q/Z, TT_Z(n)) 
n £ P n ^ P 
= 0 T r P-Next(Q/Z,Z(n)) 
n ^ P 
= 0 ( see theorem 2.14 of [ 6 9 ] ) . 
Theorem 1.64 completes the proof. 
Now, we connect P-Next tc P-Next to Horn in the form of 
an exact sequence. 
5.8 THEOREM; If A, C are groups with A = 0, 
Ih 
then the sequence 
0 > P-Next(C/ C,A) > P_Next(C,A) > Hom( C , G / A ) > 0 
i s e x a c t , where G i s a reduced P -nea t i n j e c t i v e group 
con ta in ing A as a P -nea t subgroup such t h a t G/A is d i v i s i b l e , 
PROOF; The P -nea t exac t sequence 
0 > A > G }> G/A > 0 , 
where G/A i s d i v i s i b l e , t o g e t h e r with the e x a c t sequence 
-> C > C > C / C > 0 
induces the following commutative diagram 
^ Hom(C/ C,G) ! ^ Hom(C,G) 
a 
0 -> Hora(C/ C',G/A)—^ Hom(C,G/A) > Hom( C,G/A) 
P-Next(C/ C,A) > P-Next(C,A) 
P-Next(C/ C,G) = 0 P-Next(C,G) = 0 
with exact rows and columns. Since G is reduced P-neat 
injective^ G = 0 and every homomorphism C ^ G is induced 
by some C/ C ^ G. Hence k is an isomorphism and the top 
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row is exact if we continue it with ' > 0« The bottom row 
is zero since G is P-neat injective. 
Since k is an isomorphism, a simple diagram chase 
shows that the third row can be completed on the left with 
0 > P-Next(C/'c'^A) . 
Also , we can complete the row on the r i g h t wi th Hom(C, G / A ) , 
t h i s homomorphism e x i s t s because both P-Next(C,A) and the 
group Hom( C, G/A) are epimorphic images of^5Jiom(-C,G/A) wi th 
Kernels Im> and Im^v, where ^^V'^ "^> ,fi ^ 
I m > « ImX k = Im vuC:ltn v» A~13^V\ ' ^ ^ ^^^ 
Hence the t h i r d row can be completed with HonJ('^ -^V'''G/A) > 0 , 
Other decompos i t ions of the group P-Next a re conta ined 
in the fo l lowing C o r o l l a r y . 
5 .9 COROLLARY: If A and C with "^ = 0 and ^ 
d i v i s i b l e , then the fo l lowing isomorphisms hold: 
( i ) P-Next(C,A) = P-Next(C/ '5 ' ,A)0Hom(C, G/A); 
( i i ) P -Nex t (C ,A)^P-Nex t (C/ ' c ' ,A) 0 P - N e x t ( "c". A ) . 
PROOF; Since A » 0 , theorem 5 ,8 imp l i e s the exac tnes s 
of the sequence 
0 >P-Nex t (C / C,A) >P-Next(C,A) > Homi^^lm^i}^ 0 
^- , 
rtCC N o . 
7o 
D i v i s i b i l i t y of C impl ies Hom( C, G/A) i s t o r s i o n f ree 
( see p r o p o s i t i o n 1.34 ( i i i ) ) . Now, by lenuna 5 .2 P-Next(C/ C,A) 
i s c o t o r s i o n , the sequence s p l i t s and hence we g e t the f i r s t 
isomorphism. 
Second isomorphism fol lows from the f i r s t with the 
help of theorem 5«6. 
2 . S p l i t t i n g P - n e a t Ex tens ions 
In t h i s s e c t i o n , we f ind the cond i t i on under which a 
P -nea t e x t e n s i o n s p l i t s . I t i s found t h a t the P -nea t ex t ens ion 
0 > H > G >> B ' V 0 
s p l i t s , i f H i s a d i r e c t sum of c y c l i c groups of the same 
Order n ^ P . P-high subgroups, P-high exac t sequences , P-high 
i n j e c t i v e s are def ined*P-high i n j e c t i v e s are c h a r a c t e r i z e d and 
i t i s shown t h a t if 1 ? = 0 , then H i s P-high i n j e c t i v e i f 
and only if P-Next(Q/Z,H) = 0 . 
F i r s t we r e q u i r e the fo l lowing lemma. 
5.10 LEMMA; If H i s a subgroup of G such t h a t H 
i s a d i r e c t sum of c y c l i c groups of the same o rde r n ^ P , then 
H i s a P - n e a t subgroup of G i f and only if H i s a d i r e c t -
summand of G. 
PROOF; I f H i s a P - n e a t subgroup of G, then 
mH = HHmG, for a l l m ^ P . 
7. 
In particular, if m = n then nH * 0 and we have HRnG = 0. 
The set of all subgroups of G containing nG is not empty and 
is disjoint with H. It is inductive too. Hence it must have 
a maximal member say B such that BflH = 0 . Thus B is 
H-high subgroup of G. Let 
n =» PiP2 P 
r 
be the f a c t o r i z a t i o n of n i n t o d i f f e r e n t p r imes . If g6.G, 
then 
ng^nGQB 
so t h a t by theorem lo54 a l l of 
P2P3 Pr^^ >PlP2 P i - l P i + 1 Pr^^ * * * VP1P2 * * * ' P r - l ^ 
are in H 0 B C G . Fur thermore , 
P2P3*•* *Pr '* *•• /P iP2* * * ' P i - l P i + l • * * *Pr'* * * VP1P2 * * * ' P r - l 
a re r e l a t i v e l y prime and so t he re e x i s t i n t e g e r s >, , •>>2»*«v > 
such t h a t 
1 = >iP2p3**«Pr"*"*"'' '*'^iPlP2***Pi-iPi+l***Pr'^'*-"^ )^rPlP2* * ' P r - l * 
" ^ g = ^ iP2P3* • •Pr9+' • •+ ^ i P l P 2 * * ' P i - l P i + l * • 'Pr^"^* • *"*" y^rPlP2* * * 
. . .p ,g 
belongs to H 0 B . ^"•'-
Si 
= = ^ , G C H 0 B , 
The reverse inclusion follows from theorem lo54. 
Since every direct summand is P-neat, the lemma is completely 
proved. 
With the help of lemma 5.10, the proof of the following 
theorem is clear. 
5.11 THEOREM; The P-neat extension 
-> H > G > B >^ 0 
s p l i t s i f H i s a d i r e c t sum of c y c l i c groups of the same 
order n ^ P . 
5.12 DEFINITION (P~HIGH SUBGROUP); Let G be a 
group, a subgroup H of G maximal with r e s p e c t to HHG = 0 
i s c a l l e d a P-high subgroup of G, 
5 .13 DEFINITION (P~HIGH EXACT SEQUENCE); If H = 0 
and D i s d i v i s i b l e , then the sequence 
0 > H — ^ X ^ D > 0 
is called a P-high exact sequence if f(H) is a P-high 
subgroup of X. 
.If H is a P-high subgroup of G, then following the 
proof of high subgroups with a slight modification we obtain 
(i) H is P-neat in G, 
(ii) G/H is divisible. 
Next theorem deals with the characterization of splitting 
P-neat extensions by a torsion divisible group. 
5.14 THEOREM: If H = 0, then H is P-high injective. 
that is, (H is a direct summand of every group in which it is 
P-high) if and only if P-Next(Q/Z,H) = 0. 
PROOF; Let "H" = 0 = P-Next(Q/Z,H) . The P-neat exact 
sequence 
', 0 > H > G > G/H •> 0 
induces the following exact sequence 
Hom(Q/Z,H) = 0 >Hom(Q/Z,G) > Hom(Q/Z,G/H) > P-Next(Q/Z,H)=0 
>P-Next(Q/Z,G) > P-Next(Q/Z,G/H) = 0 
that is, 
.Hoin(Q/Z,G)^Hom(Q/Z,G/H) and P-Next( Q/Z,G) = 0 . 
Let G = D © R , where R is reduced with H^R and D is 
divisible 
0 ( U 
then , 
0 = P-Next(Q/Z,G) = P-Next(Q/Z,D 0 R ) 
= P-Next(Q/Z,D) 0P-Next (Q/Z»R) 
= P-Next(Q/Z,R) 
where P-Next( Q / Z , D ) a O s ince D i s d i v i s i b l e . But R 
can be embedded as a subgroup in Ext(Q/Z,R) t h a t i s , 
RGHxt(Q/Z,R) 
-^ ^ s 
R^^P-Next(Q/Z,R) « Ext(Q/Z,R) = 0 . 
NQW, H i s P-h igh in G impl ies H i s maximal with r e s p e c t 
to H H ^ = 0 . 
> ^ 
^ H O D © R = 0 
^ Hno"©!^ = 0 
=^ HHD = 0 , s ince D « D and ' ^ = 0 
which impl ies t h a t H i s reduced and so H =« R. 
Conver se ly , l e t H = 0 and H i s P-high i n j e c t i v e , 
Le t 
P-Next(Q/Z,H) f 0 
^ £xt(Q/Z,H) 1=0 M x t ( Q / Z , H ) / H . 
8: 
But by theorem 1.78, Ext(Q/Z,H)/H=Ext(Q,H) is torsion-free 
divisible. So, it will have a subgroup G / H ^ Q 
such that 
GnP-Next(Q/Z,H) f 0. 
Since G i s P - n e a t in Ext (Q/Z,H) , i t fol lows by lemma 5 .1 
t h a t 
^ = GnP-Next(Q/Z,H) |= 0 . 
Fur thermore , H i s P -nea t in G and by lemma 5 . 1 , 
H = HPlG = 0 . 
To prove H is maximal disjoint from G, it is sufficient to 
prove that H+G is an essential subgroup of G see [23]. 
For this purpose we prove that (H+G)/H is an essential 
subgroup of G/H. 
Consider the exact sequence 
0 '• >(HV^)/H > G/H >G/(H+^) > 0 
which y i e l d s the exac t sequence 
Hom(Q/Z,G/(H+G) > E x t ( Q / Z , ( H + ^ ) / H ) > 0 . 
If G/(H+G ) is torsion-free, the first group, and hence 
Ext(Q/Z,(H^'G^ )/H) - 0 
S''. 
( H + ? ) / H is divisible (see exercise 2 page 225 
of [11]), 
G / ( H n ^ ) is d iv i s ib l e ==» *^ is d i v i s i b l e which 
i s a con t rad ic t ion . Hence G/(H+G ) i s a tors ion group which 
i s also d i v i s i b l e , being the epimorphic image of the d iv i s ib l e 
group G / H . Socle of G/H is zero. In view of exercise 10 
page 87 of [ll],(H-H3 ) / H is an e s sen t i a l subgroup of G / H . 
Now, if 
x n ( H + G ' ) = 0 , for some X^G then, 
(X-HH)/Hn(H+G')7H » H/H = 0 
==> (X+H)/H = 0 
=:^ XC,H =«=> X = 0. 
•Thus H+G is an essential subgroup of G and H is P-high 
in G. Since G is reduced and G/H is divisible and not 
zero, so H can not be a direct summand of G. The result 
follows. 
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TABLE OF NOTATIONS 
A,B,C,D,G,H, groups or subgroups 
I,J,K, index sets , 
k,l,m,n,p,q, integers (p,q primes) 
a^fi ,-^ , ^ ,\Vt maps» homomorphlsms 
Q ,o,-c, ordinal numbers 
^ is a member of 
^ , (2. ^s contained, properly contained in 
y , f) set union, intersection 
\ difference set 
X Cartisn product 
|^a6A/ . . . . c the set of al l a^A with . . . . 
i'^}. Gl the set of all a^ ,^ with i^ I 
> mapping between sets or classes 
or groups 
a] A restriction of a to A 
I. or It the identity map of A 
Ker a the kernel of the map a 
Im a the image of a 
0 a . , TTcti direct sum, direct product of 
maps a^ 
0( a) order of a 
a,b,c, elements of groups 
n| a n divides a 
<,.».»»•> group generated by ««...... 
A/B quotient group or factor group 
B+C, UBi subgroup generated by B and C, 
^ by the B^ 
(J) direct sum of groups 
T T direct product of groups 
"= isomorphism 
nA the set of all na with a^A 
A[n] the set of all a^A with na = O 
T(A) or A^ torsion part of A 
S(A) socle of A 
A first Ulm subgroup of A 
())(A) Frattini subgroup of A 
A ,A_ oth Ulm subgroup, oth Ulm factor 
^ of A 
P the set of primes 
Z group of integers, infinite 
cyclic groups 
a-'r 
Z(m) c y c l i c group of o r d e r m 
Z(p~) q u a s i c y c l i c group 
Q group of r a t i o n a l s 
Q group of r a t i o n a l s wi th 
P denominator* prime to p 
J group of p - a c i d i n t e g e r s 
Ajfj F r a t t i n i f a c t o r of A 
Horn group of homomorphisms 
Ext group of e x t e n s i o n s 
Pex t group of pure e x t e n s i o n s 
Hext group of high e x t e n s i o n s 
Hext group of pu re -h igh e x t e n s i o n s 
Next group of n e a t e x t e n s i o n s 
Hext group of nea t high e x t e n s i o n s 
P-Next group of P - n e a t e x t e n s i o n s 
